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Abstract
Graph theory is the study of graphs that represent a specific relation
between pairs of objects from a collection. The objects are represented by
vertices that are connected by edges defining the existence of such relation
ship. A crucial result in graph theory, the Four Color Theorem, was first
proposed in 1852 by Francis Guthrie but was not proven until 1976 by Ken
neth Appel and Wolfgang Haken. The Four Color Theorem says that any
graph on a plane is four colorable. Then in 1943 Hugo Hadwiger presented
a generalization of the Four Color Theorem which is still an important and
unsolved proposition in graph theory today. He conjectured that if a graph
G is fc-chromatic then it must contain a complete minor of size k.
By reading original papers and essays, I sought an understanding of
graph theory and Hadwiger’s Conjecture before researching the character
istics of specific graphs such as the Mycielski Construction and the Kneser
Graph. I found that for both the Mycielski construction and the Kneser
graph Hadwiger’s conjecture holds. They both contain large complete mi
nors that are the same size as the chromatic number of the graph. That is if
the chromatic number of the graph is k then there exists a complete minor
of size k. Hence, although Hadwiger’s conjecture has still not been proven
to be true, both the Kneser graph and Mycielski construction proved to be
good examples of the conjecture.
Hadwiger’s conjecture is interesting because the connection between col
oring and minors is an important area of study in graph theory. It could
allow for a more complete characterization of graphs.
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1

Definitions

Before it is possible to understand Hadwiger’s conjectiure, it is first imperative to
understand a few definitions from graph theory.

1.1

Graph Basics

A graph is a pair (V,E) where V is a finite set and

is a set of two-element subsets

of V [7]. If two vertices form an edge, these two vertices are called adjacent and are
neighbors. The notation for adjacent vertices u and v is v

r>>j

u (which is equivalent

to u ~ i») and the edge between these two vertices is often written as the uv edge.
The number of neighbors a vertex v has, or the number of edges at that vertex,
is known as the degree of v and is denoted d(c). The largest vertex degree of
a graph G is called the maximum degree and is denoted A(G) and the smallest
vertex degree of a graph G is called the minimum degree 6{G). When all vertices
in a graph are adjacent to each other, the graph is called complete and is denoted
Kn where n is the number of vertices.
A walk is a sequence of vertices, each adjacent to the next. A walk with no
repeated vertex is called a path. More formally, a path is a non-empty graph
P = (V,E) of the form V — (ro,.Ci,...,Xk) and E = (ro:ci,ri.r2,

Vk-iXk) where

the Xi are all distinct [4j. The vertices xq and Xk are the ends and are linked by
edges joining the inner vertices Xi,x-2,...,r>_i. A a — v path is a path that with
ends a and v. A graph is connected if every pair of vertices in the graph has a path
between them. A cycle is a path with a single repeated vertex xq =

In other

words a cycle has the edge set E = (ro.ri,.ri.co,...,.CA_i.ro). We will consider the
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cijclic order of a cycle as the last vertex being adjacent to the first. The length
of a cycle equals the niiinber of edges in the cycle which is also the same as the
iiiiniber of vertices. A cycle is denoted by C„ where n is the length. Below, in
Figure 1, is an example of a path in G and a cycle in G.

(h) Path in G
Figure 1: A graph G, a cycle in G, and a path

An embedding of a graph is a drawing of that graph on a surface (such as a
plane or sphere) such that its edges do not intersect except where they share a
common vertex. For example, a planar graph is a graph that can be drawn on a
plane such that none of its edges intersect. Thus, a non-planar graph is a graph
that if drawn on a plane will have at least one intersection of its edges. Below are
examples of both planar and non-planar graphs.

(a) Planar Graph G

Nonplanar

Figure 2: A planar graph G and a nonplanar graph H
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1.2

Subgraphs and Minors

W e call G' a subgraph of G if the vertex set and edge set in G' are subsets of
those ill G. For the gTaphs G = {V.E), G' = {V\E'), we say G' is a subgraph
of G if V' C V and E' C E. This is denoted G' C G. It is possible to delete, or
remove, an edge from a graph. The subgraph G — e has the same vertex set as the
original graph but the edge set contains one fewer edge. If a vertex is deleted then
the edges corresponding to that vertex are also deleted from the graph. Thus the
vertex set oi G - v contains one fewer vertex than that of the total graph and the
edge set lacks all the edges incident with the vertex that was deleted. Here is an
example of a subgraph of a graph G.

(b) Subgraph G'in G
Figure 3: A graph G and a subgraph G'

Contracting an edge within a graph forms a new graph. If e = xy is an edge
ill a graph G, then the edge e and vertices x and y are replaced by a new vertex
Ve which is adjacent to all the former neighbors of both x and y. This is called
contracting an edge in a graph G. G' is a minor of graph G as follows. To each
vertex x G V{G'), we can associate a connected subgraph G' C G. For each edge
xy G E{G') there is a path from x to ^ in G and paths associated with different
edges share no internal vertices. A minor G' can be obtained from G by edge
contraction and vertex and edge deletion. A subdivision is a minor in which each
branch set is a single vertex. Below is an example of a minor taken from the same
graph G as above.

3

G

(a) Graph G

(b) Minor G'in G

Figure 4: Graph G and Minor G'

There are two ways to classify the vertices within a minor. A collection of
adjacent vertices that create the paths to the other vertices in the minor is called
a branch set. If G' is a minor in G, the branch sets correspond to the vertices of
G'. The disjoint paths are paths between the branch sets that do not share an
edge or vertex. These disjoint paths correspond to the edges in the minor G'. If
a branch set one has one element, it is called a branch vertex. Below in Figure 5,
5(a) G has a branch vertex x. It is a adjacent to y and z and has a path through
vertices x and w. In 5(b) the corresponding minor G'also shows the branch vertex
X. In G\ X is connected to all other branch vertices through adjacency or a path.
However in 5(c) j is part of a branch set. Although j is adjacent to vertices L
and k, it is the adjacency with subvertex p that creates the paths to the other two
main vertices, m and n. In 5(d) j is adjacent to the other vertices in the minor
H'.
A complete subgraph of a graph G is known as a clique and the size of the
largest clique in a graph is the graph’s clique number denoted by a;(G). A complete
minor on the other hand is a minor that is complete. The size of the largest
complete minor in a graph G is called Hadwiger’s number and is denoted H{G).

4

(c) Graph H

(d) Minor H'in H

Figure 5: Graphs G with minor G' and H with minor H'

1.3

Coloring a Graph

Coloring a graph is essentially assigning a value to each vertex. When G is a graph
and k is a positive integer, a k-coloring of G is a function / : V{G) -> 1,2,...k.
We may also assign actual colors or other symbols to the vertices, such as the
labels (a,6,c,

The “colors” can be numbers, letters, symbols, etc. A proper

coloring of the vertices is such that V.r^ G E{G),f{x) ^ f{y) (7j. A graph is kcolorable when it has a proper /^-coloring and is k-chromatic such that y(G)= k.
The graph below illustrates one example of a properly colored graph. Here a,6,
and c are colors that have been assigned to each vertex rather than actual labels
distinguishing the vertices as before.
The goal in coloring a graph is to use the least possible number of colors.
The minimum number of colors required to color a graph properly is know as the
chromatic number. The chromatic number is denoted y(G).
Two observations that relate to this paper are that \(/\'„) = n and that if H
is a subgraph of C?, then \{H) < \{G). \[Kn) = n is true because in a complete
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G

Figure 6: A properly colored graph G

graph A„ each vertex is adjacent to all other vertices in the graph. Thus each
vertex is assigned a different color so n colors are required. Thus y(A’n) = n- For
the second property assume that G is properly colored. Since H CG,H is already
colored, resulting in a proper coloring of H. This means that y(G) colors suffice
to color H. Together these two properties show that a graph’s chromatic number
is at least c\s large as its clique number; that is y(G) > o;(G).
Theorem 1. In a graph G, x{G) > uj{G).
Proof. Let G' =

be a clique in a graph G. Then G' requires n colors to be

properly colored as no two adjacent vertices may receive the same color and all
vertices in G' are adjacent. Since G' is a subgraph in G, G must require at least
n colors also. When G' is the largest clique in G then G' = uj{G) and thus G
requires at least n colors. So x{G) > cu{G).
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□

2

Hadwiger’s Conjecture

In 1953 Frmids Guthrie proposed the Four Color Problem concerning whether evgraph eiiiliodded on a plane is four colorable. He posed this idea to his brother
Frederick while he was working on making maps in Europe when he realized that
the countries could be colored using only four colors where the countries shar
ing a border (not necessarily a corner though) ai’e colored differently. Although
this opened a large area of reasearch for many mathematicians, it was not until
1976 that the Four Color Theorem was actually proved. K. Appel and W. Haken
proved the Four Color Theorem with the asistance of a computer. This was con
troversial since it was one of the first proofs to be done by computer. However, it
was accepted and published in two different journals and was also publicized by
the American Mathematics Society and the University of Illinois [1]. Kuratowski
showed that a graph is planar if and only if it does not contain a subdivision of
As or A'},3. This means that in looking at the embedding of a graph it is cru
cial to consider its minors not be planar. The consideration of minors is linked
directly to chromatic number since \{G) > u){G). An example is a graph which is
5-chromatic is not planar so it must either contain a A5 or A'3.3 minor.
From this G. Hajos conjectured that every A:-chromatic graph contains a sub
division of Kf. of size k. However this claim has been shown to be false. In
1979 Catlin provided multiple counterexamples to Hajos Theorem in his paper
title Hajos Graph-Coloring Conjecture: Vaiiations and Counterexamples which
disproved the result for \{G) > 7. It is true for k < 4, false for k > 7, and
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uiirosol\-o(l for k = b and k = 6. Soon iifter Gatlin’s paper P. Erdos and S. Fajtlowicz showed that Hajos conjecture is false for“almost all graphs’’ [5j. The list of
almost all graidis” means that as a graph’s size increases, the probability of that
graj)h having a property gets closer to one. So Erdos and Fajtlowicz claim that
the larger

graph is. the probability that it satisfies Hajos conjecture is actually

close to one[4 .
In 1942 Hadwiger conjectured that if a graph is ^-chromatic then it contains a
complete minor of size k. This is still a conjecture because although it has been
shown to be true for some cases, the proof is not complete yet for the general case.
Hadwiger's conjecture is similar to Hajos’ conjecture but is not quite as strong
because it only requires there to be a complete minor rather than a subdivision
of hf.. Thus if a graph satisfies Hajos’ conjecture it will also satisily Hadwiger’s.
The chromatic number and the presence of a complete minor of appropriate size
will be taken into consideration in my study of Hadwiger’s conjecture.
In 1937 K. Wagner proved that when a graph has chromatic number of 5 it
contains a complete minor of size 5. He did this by relating it to the Four Color
Theorem. Hadwiger proposed his conjecture as a result of studying this proof.
On December 15, 1942 H. Hadwiger gave a speech at the Swiss Federal Institute
of Technology and University of Zurich declaiing his now famous conjecture. He
stated that:
Conjecture 1. For all natural numbers k, any k-chromatic graph G has the com
plete k-graph AT as a minor, i.e. K\ can be obtained from G by deletions and
contractions.
Ill order to make his conjecture purely combinatorial, he pointed out that if
one considers a graph based on its largest complete minor, then it is entirely
jiossible to discuss the chromatic number without discussing the embeddings. He
published his work in a nine page paper in 1943 discussing his conjecture and
three related theorems. Those theorems include: (1) for A: = 4 the conjecture
8

holds true,(2) a graph has a A',, minor if it has minimum degree larger than n -1
where u < 4. and (3) if a graph G is connected and does have a
l^(G)l ^ 1^ (G^)| — » + ”^"2

minor, then

Although he did not fully explain the connection

between his work and the Four Color Theorem, he did mention that the result for
n = b implies the Four Color theorem.
Wagner s work on the Four Color Theorem and Hadwiger’s work on his con
jecture were largely ignored for some years because of the second W'brld War.
G.A. Dirac was working towards his Ph.D. at King's College of the University of
London when he came across these two studies and began to work with them.
He discussed these papers with Peter Ungar, who claimed that “any 7-chromatic
graph on a torus contains a A'7 subgraph” [8]. His discussions with Ungar and the
two papers by Wagner and Hadwiger inspired his work.
Mathemeticians continued to address the relation between chromatic number
and both subgraphs and minors. In 1960 Wagner produced another paper that
contained work relating to Hadwiger’s Conjecture. In response, Hadwiger wrote a
letter to Wagner saying that he considered Wagner a genius and an inspiration and
that the conjecture should not be named after Hadwiger, but after Wagner. But,
despite Dirac’s work in contractability, it was not until the 1980s that contraction
and deletion were investigated on a large scale. N. Robertson’s and P.D. Seymour s
popularization of matroid theory and graph minors resparked the mathematical
interest in contraction and deletion as tools to obtain certain minors within a
graph.
Although Hadwiger’s Conjecture has not been proven for the general case,
there are many results that have been shown. In 1979 B. Bollobas, P.A. Catlin,
and P. Erdos wrote a paper entitled Hadwiger’s Conjecture is True for Almost
Every Graph in which they showed properties of random graphs and how they
contribute to Hadwiger’s Conjecture. Then in 1993 Robertson, Seymour, and
Thomtis proved Hadwiger’s conjecture for k = 6. For k>l however the result is
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still unproven.
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3
3.1

Mycielski Graphs
Introduction to the Mycielski Graph

Here we define the sequence of Mycielski Graphs and then describe the Mycielski
construction which can be applied to any graph G. The Mycielski graph is inter
esting to consider when investigating Hadwiger’s Conjecture because it is possible
build a graph with a large chromatic number without a large clique within the
graph itself. Mycielski graphs are, by definition, triangle free, that is contains no
A3 subgraph. Also when the Mycielski construction is applied, to a triangle free
gtaph, there will be no triangles created in the construction. We will prove that if
G contains no triangles then M{G) does not contain any triangles. The Mycielski
construction applied to a triangle free graph increases the chromatic number with
out creating any triangles, and hence without creating any large cliques. However,
there is a complete minor within the Mycielski construction. A complete minor is
explicitly discussed later. When the construction is iterated there arises a complete
minor that corresponds to the chromatic number of the graph. This will be shown
later as well. This is true because there is a matching within the construction. A
matching is a set of independent edges in a graph. By finding a set of disjoint paths
from the vertices of U to w, it is possible to find a minor within the construction.
Thus within the Mycielski construction it is possible to find a complete minor that
forces a high chromatic number. The graphs

demonstrate that the chromatic

number can be artibrarily hirge without a large complete minor.
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3.2

Mycieslski Graph

111 1955 Mycielski wrote a paper proving that M(G)is triangle-free and x{^^{G)) =
\(G)+ 1. The first four Mycielski graphs, Gi - G4, ai*e drawn below in Figure 7.
In the same paj^er he also asks if these graphs are the smallest triangle-free graph
with siK'h ehroniatic number [6j. This paper will primarily use the G3 Mycielski
Graph as an example. It is also named the Grdtzsch graph.

O a
(a) Gt

(b)

Figure 7: Mycielski Graphs Gi - G4

3.3

Mycielski Construction

The Mycielski Construction can be applied to any graph G. The original vertices
from graph G are named V = {I’l, ^2,1^3,...Vf.}. These vertices are then copied and
the copies are named U = {«i,

Where there is an edge between i>i

and Uj, there is also an edge between Vi and uj. Then one final vertex is created
that is adjacent to all the Ui vertices. This new final vertex is named w. This
construction will be labeled M{G)for the remainder of the paper. Figure 8 shows
an example of the Mycielski construction labeled as described.
It is possible to build each Mycielski graph (G„) by applying the Mycielski
Construction to the previous Mycielski graph (G„_i) for ti > 3. Thus it is true
that the graph A/(G„) equals the graph Gn+i. It is true that the chromatic number
of M{Gn) is exactly n + 1. We will prove that it is possible to color M{Gn) with
a -I- 1 colors. It has also been shown that n + 1 colors are the minimum required
to properly color A/(G„). An example which we will prove later is \{M{G;i)) = 4.
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Figure 8: M{G) Example

We will also show that if G is triangle free, then M{G)is also triangle free. It has
also been in'oveii that M{G„) is a triangle free graph with chromatic number

1

|6],
The Mycielski constrtuctioii is important for the Hadwiger conjecture, so we
will prove some theorems to explore the properties of the construction. For ex
ample, when a the Mycielski construction is apphed to a triangle free graph, the
result, M{G) is also triangle fi'ee. Thus the chromatic number of M{G) will be
large without M{G) containg a large clique.
Theorem 2. IfG is triangle free then M{G) is also triangle free.
Proof Let G be a graph with no triangles.
Assume for the sake of contradiction that M{G) contains a triangle. Since
there is no triangle in G, a triangle in A/(G) must include a vertex Ui e U ot lu.
However, w is only adjacent to the vertices of U and since these vertices ai-e not
adjacent to one another there is not a triangle including w.
So a triangle in M{G) must contain a vertex uj G U. Since uj is not adjacent
to any other vertex of U, the triangle must have vertices
6 V. Note that in this case Vi

Vk- Since uj ~

Vj ~

for some
Vi and since uj ~ Cfc,

Oj ~ I'k also. But then {vj, Vj. Vk} would form a triangle in G. Since G is triangle
free, this is a contradiction.
13

Ht'iico

no triangle can be fonnecl in M{G) if there is not previously a triangle

□

in C.

3.4

Mycielski Construction Coloring

Before discnssing the proof that the graph M{Gn) has chromatic number n + 1,
let us first look at an example.
Theorem 3. r//e chromatic number of M{Cs) = M(G.i) is four.
Proof. First of all it is crucial to show that it is possible to properly color the
Mycielski coiistrntion with 4 colors. Then it will be shown that it is not possible
to proi)erly color the graph with fewer than four colors.
It is in fact true that M{Gz) =

is properly colorable with four colors.

This is shown below in Figure 9 using colors a, 6, c, d.

Figure 9: M(Gf) properly colored with 4 colors

Now it must be shown that it cannot be done with fewer than four colors. The
vertices will be labeled in the same manner as they were for the general Mycielski
construction above where the original vertices are the set V = ci. i’2, C3, t’4, C5,
the copied vertices are the set U =

^nid the final vertex {which is

adjacent to all the Ui vertices) is called w.
Begin by properly coloring the vertices ci — C5. To do this properly they will be
(X)lored with 3 colors. This comes from the fact that a cycle of odd length requires
14

colors. See example below in Figure 10.

^^
3
0

b

Figure 10: Co properly colored with 3 colors

The

proper coloring forces an ababc pattern. Let the vertices be named
<’,4.3. t

in order from left to right. Note that vertices Cj+2 and

are both adjacent to a,+3 within the cyclic order. Because these two vertices
ill V'are colors a and c and are both adjacent to a same vertex in U, color Ui+^ b.
Ill the same manner two vertices V'' are colored a and b are also both adjacent to
a same \^ertex of U, forcing the color to be c. Likewise another two vertices in V
are colored b and c and thus force a third vertex of U to be color a. Due to the
nbabc pattern in the V\ there is an a —be pattern in the vertices of U (where the
second and third can be the choice of the appropriate two colors). So U requires
three colors also. Therefore the

lU

vertex, because it is adjacent to all tliree colors

U, recpiires a fourth color. Hence \{M{Gs))= 4.

□

Although this is just an example that a graph A/(6'„) has chromatic number
of a + 1, it is also true in the general case for any Mycielski construction. Again it
is vital to show that it is possible to color A/(G„) with n + 1 colors and then also
it is not possible to do it with fewer colors. The first of these two statements is
proven below and the second statement has been previously proven by Mycielski
ill 1955 [6].
Theorem 4. IfG is n-colorable then M{G) is n + 1 colorable.
Proof. The Mycielski construction is applied to any graph G with notation as
befijre. G may be colored in n colors. Each Ui 6 U may be given the same colors
as the corresponding e, 6 V. This is possible because according to the Mycielski
construction these two vertices are not adjacent to one another. Also they have
15

the same neighbors and can therefore be colored the same. Thus if G = V is
/i-colorable, then U is also /?-colorable. So the additional color is available to color
w.
Choose any vertex Vi eV. Let it be colored with any color, say a. Then all of
its neighbors are colored differently. In addition it is adjacent to all other colors.
The corresponding vertex w, 6 U can also be colored the same because they are
not adjacent. Since Vi and Ui have the same neighbors, the neighbors of Ui are
colored similarly to the neighbors of Cj. So U requires the same number of colors
as V. Therefore lu must require one additional color as it is adjacent to all vertices

in U. [61

□
3.5

Finding a complete minor in the Mycielski construc¬
tion

Now that the chromatic number of the Mycielski construction has been discussed
we will look at finding a complete minor within the construction.
Refer back to the previous example of applying the Mycielski construction to
C5. Here it is possible to find a K3 complete minor in the C5 by contracting some
of the edges. We will show that by using these 3 branch vertices and the final single
vertex w, we can construct a AT complete minor in i\/(C5). This is true because
each branch set has a disjoint path to lu. This is illustrated below in Figure 11.
Now we consider how to find a complete minor in any general Mycielski con
struction. The final vertex lu will always be a branch vertex in the complete minor
that we construct. The difficult part is to ensure that there is always a path from
each of the other branch sets to w.
Theorem 5. IfG has a h’n minor then M{G) has a A'„+i minor with one branch
vertex and n branch sets contained in V.

16

2
1

3

4
(a) M{G)

(b) A4 minor in M{G)

Figure 11: Graph G with a K4 minor

Proof. If there is a Kn complete minor in V' then the these n branch vertices
already have paths to one another. Choose one vertex Ui in each of these branch
sets. It is straightforward to use the paths from Vi
order. Then Vi ~

Ui+i ~ w within the cyclic

lu provides a path from each branch vertex of the Kn

minor to w. Thus a An+i complete minor exists in the Mycielski construction.

□
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4
4.1

Kneser Graphs
Kneser graph

The Kneser graph, denoted A'(n,/*), is constructed as follows. The vertices are
/'-element subsets made from n elements. Two vertices are adjacent when the
subsets are disjoint. See example below in Figure 12. Notice for example that
{1,2} ~ {3,4} because they are disjoint.

{2.4}

{3.4}

Figure 12: Kneser Graph

To build a A'(// -I- 1,2) graph we can use a K{n,2) graph and then add the
vertices, {l,n -f !},{2,n -t- !},...,{n,n + 1}, and the corresponding edges between
disjoint subsets. This is also the same pattern for K{n + 1,/') when r > 2.
The chromatic number of the Kneser gTaph K{n,r) is n — 2{r+l) = n — 27'+2.
This was proven by Lovsz in 1978 with a proof using topology. Then in 2002
●Joshua Greene proved it with a simpler topological proof and in 2004 Matouek
usetl a combinatorial method to prove the result.
18

We will show that A'(//, 2)

a /v„_2 minor. We will also show when n > 12, A’(n,3) contains a /i,n-4
iiiiiioi'-

4.2

Finding a complete minor in the Kneser Graph

The j2,raph A(n, i) ig complete so it definitely contains a Kn-2r+2 = Kn minor.
\\V\\ consider the special case where r = 2. A'(n,2) does not have a AT-2 minor
when n < 3 because the three vertices {1.2}, {1.3}. and {2,3} would not be
disjoint.

Theorem 6. U7?c/? n > 3, A'(/i,2) contains a K'n-2 minor .
For 3 < /I < 5 the result is true but trivial. A"(3,2) consists of three nonadjacent vertices {1,2},{1,3}, and {2,3}. Therefore A'(3,2) does contain a K\
minor which is just one vertex. A'(4,2) is a graph of six vertices which are adjacent
ill pairs such that there are only three edges. So A^(4,2) has I<2 minor. A'(3,2)
and A (4,3) are shown below in Figure 13.

O {1,2}
O

{1.2} O-

-O {3.4}

o

O {2.4}

{1.4} o

o {2,3}

{1.3}
{1.3}

o {2,3}

(b) /G4,2)

(a) A'(3,2)

Figure 13: Mycielski Graphs Gi -

Before exploring the general case when 5 > n, look at finding a A3 in A (5,2).
Let {2,3} be one of the branch vertices in the minor. Let {1,4} and {1,5} be the
other branch vertices in the minor. As {2,3} is adjacent to both of these vertices
and there is a path {1,4}

{3,5} ~ {2,4}

{1,5}, there is a complete minor

with vertices {2,3},{1,4},{1,5}. Figure 14 illustrates A'(5,2) and a A'3 minor.
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{2.3}

{2.3}

(b) K{b.2) subgi-aph

(c) A'(5,2) subgraph

(d) A'3 minor

Figure 14: A'(5,2) and a A3 minor in A^(5,2)

Proof. Consider K{n,2) with n > 5.Again, the roots in the complete minor will
be {2,3} and {1,4},{1,5},..., {l,n}. As before, {2,3} is adjacent to each of the
other branch vertices. The path {1,4} to {1,5} has previously been found such
that {1,4} ~ {3,5} ~ {2,4} ~ {1,5}. The complete minor has paths between the
remaining root vertices as follows. For

■1 < fc < j - 1 < j < n,

4 < fc = j - 1

(1)
{l,j} ~ (i -3.j- 2} ~ {l,j- 1} = {l,k}

(2)

This pattern is the complete complete minor with root vertices {2,3} and
{1,4}, {1,5}, ... {1,A;},..., {l,n}.
It is important to note that no intermediate vertex is used in more than one
path. Let {/, ui} be an intermediate vertex. Then {/, in} will either be used in the
path between {1, //?- + !} and {1, / + 2} according to Rule (1) or between {1, m + 2}
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and {1,/+2} according to Rule (2). If Rule (2) is applied to {/, m}, then I = m-l.
If Rule (1) were also applied to {/, m} with / = m — 1, it would be in the path
from {1,7U + 1} ~ {rn — l.m}

{1, r/i + 1}. This path would not be necessary

since each vertex is already adjacent to itself. So if a vertex is used according to
Rule (2), it will not also be used in a path according to Rule (1) meaning that
each vertex is only used in one path.

□
A similar argument holds for r = 3 as it did when r = 2. Again the case is
interesting when n > 6. The case becomes more complicated when n > 12 though.
Theorem 7. When n < 12, A'(n, 3) contains a Kji-a minor.
Proof. Now the unique branch vertex that will be directly adjacent to all other
branch vertices is {3,4,5}. The other branch vertices are {1,2,6}, {1,2,7}, ...,

{1,2,^-}, ..

{1, 2, n}. It is easiest to find the {1,2, k} to {1,2, n} path by breaking

it into simpler cases. The vertices are in cyclic order {l,2,6},{l,2,7}, ...{l,2,n}
in ascending order such that {l,2, n} is next to {1,2,6}.
1. First consider those paths between vertices for which the k values have a
difference of 1 within in the cyclic order. An example is {1,2,6} and {1,2,7},
Also, notice that this includes the path between {1,2, n} and {1,2,6}. Each
of these paths will use a {3,4, A:} vertex. For:

G<k<n-2
A; = n — 1,
k = n,

{1,2, A,’} ~ {3,4. A:+ 2} ~ {1,2,A.-+ 1}

(3)

{l,2,n-l}~ {3,4,6} ~{l,2,n}

(4)

{1,2, n}-{3,4,7}-{1,2,6}

(5)

2. Consider those paths between vertices for which the k values have a difference
of 2 within the cyclic order. And example is {1,2,6} and {1,2,8}. Again,
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remember that this includes the path between vertices such as (1,2,n — 1}
and {1,2,6}. Each path uses a {3,5, A:} vertex. For:

6 < A: < 77 - 2,
k = 11 — 1,
k = 77,

{1,2, A;} ~ {3,5,A;+ 1} ~ {l,2,A:+ 2}

(6)

{1,2,71 - 1} ~ {3,5,77} ~ {1,2,6}

(7)

{1,2,77}-{3,5,6}-{1,2,7}

(8)

3. Lastly consider those paths between vertices for which the k values have a
difference of 3 within the cyclic order. An example is {1,2,6} and {1,2,9}.
This includes the path between vertices such as {1,2,77 — 2} and {1,2,6}.
Each path uses a {4,5, ^●} vertex. For:

6< k <n- 3,

{1,2, k} — {4,5, A; + 1} ~ {1, 2, A: + 3}

(9)

k = n- 2,

{1,2, 77-2} - {4,5,77-1} - {1,2,6}

(10)

A; = 77 — 1,

{1,2,77-1}-{4, 5,77}-{1,2, 7}

(11)

{1,2,77}-{4,5, 6}-{1,2,8}

(12)

k = 77,

In this manner it is possible to fi nd a Kn-2r+2 minor when r — 3 and n < 12 in a
A'(77, r). Also, it is clear that no vertex will be used in more than one path because
of the explicit rules listed above. A vertex will either be used in an intermediate
vertex {3,4, A;}, {3,5, A:} or {4,5, k} but not in more than one path.

□

This explicit pattern of paths between the branch vertices only holds for n < 12
however.

One of the branch vertices is {3,4,5} so it is adjacent to all of the

other branch vertices because they are {1,2, ^} where 5 < A: < 13. However the
connection between the other branch vertices requires a path because they are
not disjoint. Therefore when the difference between the k elements in these two
vertices is less than four, an explicit path is available through a vertex that has
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a pair taken from 3,4,5 as the first two elements. However when the difference
between the k elements is four or more, intermediate vertices will also be needed
using a numbers from 6,7,

n making the paths more complicated to identify

explicitly. To further study Hadwiger's Conjecture applied to the Kneser graph,
it is appropriate to begin with investigating the paths in the case /v(7i,3) with
n > 12.
To find the exact minor in a /\(n,3) with n > 12, begin with the minor found
above for n = 12. Then the available vertices are used in the paths between the
rest of the (1,2.13},{1,2,14},..., {1,2,k},..., {1,2, n} root vertices. This pattern
can be found in a manner similar to the above.
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5

Conclusion

Hadwiger's Conjecture states that if a graph is A:-colorable, then it contains a
complete minor that has size k. Thus investigating the conjecture requires that
both the chromatic number of a graph G and the complete minors within the graph
G are considered. We have defined Mycielski Graphs and discussed the application
of the Mycielski Construction to any graph G. Then we proved that the chromatic
number of M{Gn) is n + 1. We showed that if a graph is triangle free and the
Mycielski construction is applied to G, then M{G) is also triangle free. This is
important because it means that the chromatic number of M{G) is large without
M(G)containing any triangles and therefore no large cliques. Next we located the
complete minor within the Mycielski construction.
We also looked at the Kneser Graph and how it relates to Hadwiger's Conjec
ture. It has been previously shown that the chromatic number of a Kneser Graph
K{ji,r) is n — 2r + 2. We proved that K{n,r) contains a Kn-2r+2 minor when
r < 3 and n > 3. Next we showed that the case also holds when r = 3 and n < 12.
These conclusions show that Hadwiger’s Conjecture holds true for the Mycielski
Construction M{G) and the Kneser Graph K{n,r) with r < 3. The chromatic
numbers are large for each of the graphs since y(A/(G„)) = n +1 for the Mycielski
graph and \{K{n,r)) = n — 2r + r for the Kneser graph. We also designated a
method for finding the complete minor in each of these graphs.
To continue work on Hadwiger’s conjecture we could first continue looking at
the Kneser graph. Because we only looked at K{n,r) with r < 3 in this paper, it
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would be reasonable to also investigate the Kneser graphs K{n,r) with /' > 3.
Mostly, Hadwiger s Conjecture is interesting because of its important implica
tions. Thus if the chromatic number is high it is natural to try to understand why
so many colors must be used. Hadwiger’s Conjecture gives a simple explanation
of a high chromatic number.
The more compelling reason for trying to prove Hadwiger’s Conjecture at the
moment is to make progress concerning complete characterization of graphs. Seymour and Robertson wrote a series of papers explaining that it is possible to
characterize a set of graphs by describing the exceptions, or the exclusions. For
example, Kuratowski's Theorem states that any graph is planar unless it contains
a A's or Ks,3 minor. Thus it is possible to understand the set of planar graphs.
It has been shown by Seymour and Robertson that for certain “well behaved”
properties of graphs there is a finite list of excluded minors. A proof of Hadwiger’s
Conjecture would help describe another “well behaved” property.
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